PERGAMON International Journal of Solids and Structures 36 (1999) 427-439

Some problems in plane thermopiezoelectric materials with
holes
Qing-Hua Qin,** Yiu-Wing Mai,* Shou-Wen Yu"
* Center of Expertise in Damage Mechanics, Department of Mechanical and Mechatronic Engineering, University of
Sydney, Sydney, NSW 2006, Australia
® The Office of President, Tsinghua University, Beijing, 100084, P.R. China

Received 21 May 1997; in revised form 7 January 1998

Abstract

Piezoelectric materials have recently attracted considerable attention due to their potential use in intelligent
structural systems. In this paper, we treat the plane problem of thermopiezoelasticity with various holes and
subject to coupled mechanical, electric and thermal loads. An analytical solution is obtained by applying
the technique of conformal mapping and some identities in the Stroh formalism. The solution has a simple
unified form for various holes such as ellipse, circle, triangle and square. By way of the solution, the
expressions for the energy release rate and stress intensity factors of cracks are presented. Numerical results
for concentration coefficients of stress and electric displacement along the hole boundary are given to assess
the acceptability of the proposed method. © 1998 Elsevier Science Ltd. All rights reserved.

1. Introduction

There has been considerable work done on the problem of determining the state of stress in an
elastic solid containing a two-dimensional (2-D) cavity under the condition of plane strain or plane
stress. Among the methods, Airy stress functions (Greenspan, 1944) and the complex variable
method (Jasiuk et al., 1994) are often used. Evan-Iwanoski (1956) used the complex variable
approach to derive the stress solutions for an infinite isotropic plate with a triangular inlay.
Zimmerman (1986) studied the compressibility of holes by way of conformal mapping of a hole
onto a unit circle. Kachanov et al. (1994) developed a unified description concerning both cavities
and cracks. For orthotropic plates with rectangular openings, work has been done by Jong (1981)
and Rajaiah and Naik (1983). Their results were based on the solutions given by Lekhnitskii
(1968), which are only approximate solutions due to the mathematical difficulties involved. In the
literature, however, there are very few works dealing with thermal stresses disturbed by holes in
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an elastic material. Florence and Goodier (1960) studied the thermal stress for an isotropic medium
containing an insulated oval hole. Based on the complex variable method, Chen (1967) studied
the case of an orthotropic medium with a circular or elliptic hole, and obtained a complex form
solution for the hoop stress around the hole. For plane piezoelectric material without considering
thermal effect, Pak (1990) and Sosa (1991, 1992) analysed some of the characteristics governing
the electromechanical phenomena that arise in piezoelectric media containing defects. Zhang and
Tong (1996) studied the fracture problem for a mode III crack in a piezoelectric material. Recently,
Hwu (1990b) obtained the thermal stress for an anisotropic elastic plate with an elliptic hole
subjected to remote uniform heat flow in the x,-direction. His analysis was based on the Stroh
formalism and conformal mapping.

The purpose of this paper is to present a unified description for a plane thermopiezoelectric
sheet with a hole of various shapes and subjected to mixed mechanical, electric and thermal loads.
Based on the extended Stroh formalism and conformal mapping, an explicit solution for the hole
problem is obtained through an appropriate assumption of the form of an arbitrary function F(Z)
and utilising some known identities (Ting, 1988), which enable us to convert the complex form
solution into a real form. Using the solution, the expressions for the energy release rate and stress
intensity factors of cracks are obtained. Numerical results for concentration coefficients of stress
and electric displacement along the hole boundary are presented and comparison is made with
those obtained from finite element method.

2. Basic equations and expressions

In this section, we shall recall briefly the governing field equations and some expressions of plane
thermopiezoelectric medium. For a complete derivation and discussion the reader may refer to
Wu (1984) and Yu and Qin (1996). Consider a 2-D thermoelectroelastic problem, where all field
quantities are functions of x; and x, only. For convenience, shorthand notations introduced by
Barnett and Lothe (1975) are adopted in the paper. In the stationary case when no free electric
charge, body force and heat source are assumed to exist, the complete set of governing equations
for uncoupled thermo-electroelastic problems are (Mindlin, 1974)

h,;=0
I, =0 )]
together with
h; = —k,T,;
Iy = EyxnUkm— AT 2
in which

oy iJ=123
YD, J=4: i=1,23
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oo [w T=123 3
Tl J=4

vy hJ=1,2,3
Xf"z{, J=4: i=1273

Cim b, K,m=1,2,3
B = i K=4; i, J,m=1,273 4@
v ewn J=4; iLKm=1,23

Ky J=K=4; im=1,2,3

where T and /; are temperature change and heat flux, u;,, 9, ¢;; and D, are elastic displacement,
electric potential, stress and electric displacement, C,y,,, ¢, and k,; are elastic moduli, piezoelectric
and dielectric constants, and k;;, y;; and g; are the coeflicients of heat conduction, thermal-stress
constants and pyroelectric constants, respectively. A general solution to (1) can be expressed as
(W, 1984 ; Yu and Qin, 1996)

T'=2Re{g'(z)}
U = 2Re[AF(Z)q+cg(z,)] (5)
with
A=A, A, A; A}]
F(Z) = diag[F(z,) F(z,) F(z3) F(z,)]
a={a ¢ 4 49"
Z, = X1 +1X,
Z; = X1+ piX;

in which ‘Re’ stands for the real part, the prime (") denotes differentiation with the argument, g
and F are arbitrary functions to be determined, ¢; are complex constants determined by the related
boundary conditions, p,, 7, A and C are constants determined by

k22T2+(k12+k21)T+k11 =0
[Q+(R+R)p:+Tpi]A; =0
[Q+(R+RN)t+Tr’]e =y, + 172 (6)

in which superscript ‘7" denotes the transpose, y; are 4 x 1 vectors, and Q, R and T are 4 x4
matrices defined by

Xi= {Vil Vi Vi3 gi}T7 Qi =Ex, Ryx=E i, (Dik=Ex (7

The heat flux h and the stress-electric displacement (SED) I obtained from (2) can be written
as
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hy = —2Re {(kiy +1kin)g"(z,)}
H]J= _¢J,27 H21=¢J,1

where ¢ is the SED function given as
¢ = 2Re (BF(Z)q+dg(z)}
with
B=R’A+TAP = —(QA+RAP)P '
P =diaglp; p> ps pal
d=R"+1T)c—y, = —(Q+1R)¢c/t+7, /7

(®)

)

(10)

Further, some identities are introduced in order to make the ensuing derivation tractable.
Following Barnett and Lothe (1975), Ting (1988), and Chung and Ting (1995), it can be shown

that the following identities are valid :
2AP(0)A” = N, (w) —i[N,(w)S" + N, (w)H]
2AP(w)B" = N, (0) —i[N, (0)S—N, (w)L]
2BP(w)A" = N{(») —i[N{(»)S" +N; (w)H]
2BP(w)B" = N;(w) —i[N5(w)S —NT{(w)L]
where P(w) is a diagonal matrix defined by
P(w) = diag[p,(®) pr(@) ps(®) pi(w)]
in which w is a rotation angle, and

p:COS@w—sinw

pi(®) p:sinw+cos

Ni(0) = =T ' (@)R"(®), Ny(w) =T '(w)

N; (@) = R(@)T™ ' (@)R"(») —Q(w)

Ok(w) = n(@) Eyxmn, (@),  Ryx(w) = ni(w) E;jgm,, ()
TJK(w) = mi(w)Eilen1m (CO)

n={cosw sinw 0}", m={—sinw cosw 0}

while S, H, L are 4 x 4 real matrices introduced by Barnett and Lothe (1975):

1 T
S =iRAB" 1) = ﬂj N, () dw

0

1 T
H = 2iAAT = nJ N, (w) dw

0

(11)

(12)
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—1 (=
L= —2iBBT=nJ N, (o) do (13)

0

where I is the unit tensor, i = ./ —1, H and L are symmetric and positive definite, and SH, LS,
H~'S and SL~! are anti-symmetric.

3. Solution to the hole problem
3.1. Boundary conditions

Consider a plane thermoelectroelastic problem of a single insulated hole in a piezoelectric sheet
which is subjected to uniform remote heat flow h® and SED I1°. The hole boundary is assumed to
be traction-charge free with zero heat flow. Additionally, the hole can be thought of as being filled
with air, which has a dielectric constant approximately three orders of magnitude smaller than the
dielectric constant of the piezoelectric material. The consequence of such an assumption is that the
boundary conditions on the hole boundary are given by I1-m = 0, where m is outward normal to
the hole boundary. This is also equivalent to setting E" = 0, where E" stands for the material
constants of the hole-phase. Discussions on the validity of the electrical boundary conditions can
be found in the literature (Dunn, 1994 ; Parton and Kudryatvsev, 1988).

To study the effect of the hole on the thermo-electroelastic field, it suffices to consider the
associated problem in which the hole surface satisfies the conditions

h,, = hY sin 0 —h3 cos 0
t, = —II5cosO+T1Ysin0 (14)

along the boundary, where the subscript ‘n’ denotes normal direction to the hole boundary (see
Fig. 1), 0 is an angle also shown in Fig. 1. t,, is the surface traction, I1 = {6}, o}, of; D{}7,
I = {69, % o35 DI}7, and by using the coordinate transformation as well as applying (8),
we have

hy = —h, sin0+h, cos 0 = 2k Im {(cos 0 +7sin 0)g"(z,)}. (15)
Here ‘Im’ stands for the imaginary part, k = \/k, k,,» —k?,. Since t,, is the surface traction at a
point on the hole boundary, it can also be written as

t,, = 0¢/on (16)

where 7 is the arc length measured along the hole boundary in the direction such that, when one
faces the direction of increasing n, the material is located on the right-hand side (see Fig. 1). Thus,
the boundary condition along the hole boundary, (14),, can be replaced equivalently by

¢ = —x, I3 +x,110 +K,, along the hole boundary (17)

where K, represents a kind of rigid body motion. Since the rigid body motion is of no interest, we
assume that K, = 0.
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m

Fig. 1. Geometry of a particular hole (¢ = 1,e = 1,k =4, = 0.1).

3.2. Conformal mapping

In our analysis the contour of the hole is described by (Hwu, 1990a)
x; = a(cosy +ncosky)
X, = a(esiny —nsinky) (18)

where 0 < e < 1, k is an integer, and  is a real parameter. By appropriate selection of the
parameters e, k and 5, we can obtain various special kinds of holes, such as ellipse, circle, triangular,
square and pentagon.

Recall from complex theory that if we have two complex domains in the z and { planes,
respectively, the conformal transformation is given by

z=w() (19)

where w is a holomorphic function and { = re”, where r and \ are a pair of polar coordinates. To
transform the exterior of a unit circle in the { plane onto the exterior of the hole in the z plane, we
use the following transformation (Hwu, 1990a) :

z, = a(a,{+a, " +as a0 (20)
in which

a, = (1 _lpae)/2a a; :(1 +ipoce)/2
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as = 7’(1 +ipzxe)/27 ay = ”l(l _ipzxe)/z (21)
The technique of conformal transformation tells us that g(z,) and F(Z) may be chosen as
9(z) =g*(), F(Z)=F*Q) (22)

where g* and F* can be expressed as some simple functions of (.

3.3. Solution to temperature and electroelastic fields

We first study the solution to temperature 7. Noting that along the hole boundary x, and x, are
expressed by (18), and { = ¢", the boundary condition (14), suggests that the arbitrary function
g(z,) ought to be chosen in the form

9(z) = b, J{(z) dz, + b (z) dz, (23)

where b, and b, are two complex numbers to be determined. In using the boundary condition (14),,
one needs to evaluate ¢g”(z,) along the hole boundary. Knowing that {, = ¢", and that 0 (see Fig.
1) is related to y by

a(siny+knsinky) = pcosfa(ecosyy—kncosky) = —psinf (24)
we have
¢, ie"
dz,  p(cosO+zsinb)
G = (b e kb e ) 25)
" p(cosO+1sin 0)

Substitution of (25), into (15), and using (14),, we obtain
b, = —a(eh) +ih3)/2k

by = an(h} —ih%)/2k (26)
To obtain the explicit expression of ¢, integrating (23) yields
9(z) = aby(a. In{+a, (7)) 27
fork =1,
9(z) = a(b,a,, +kbyas.) n{ +a(ar.b, —a,.b,){ " */2+3ab,a;.(*)2
+a(Bay.b, +ay.b ) */d+abras.{°)2 (28)
for k = 3,
9(z)) = a(b,a,. +kbras,) In{+aa,.b,{ |2+ kab, a3, [(k—1) (29)

+a(kasby +ar b ) TV [(k+ 1) +ay bl (1 —k) + abeay L2
for other values of k, where a;, (i = 1,2 3,4) are defined by
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aj, :(1—lT€)/2, asre :(1+ZT€)/27 a3, = 1/](1+ZT€)/27 Ay = 1//(1 _lTe)/z
By checking with (17) and (27) to (29), the general solution of U and ¢ can now be assumed as

U=2 f Re {AF,,(Z)q,} +2Re {cy(z,)}

m=1

¢ =2 ) Re{BF,(Z)q,}+2Re {dg(z)} (30)

m=1

where M =3 fork =1, M =7 for k = 3, M = 8 for other values of k, and

F,(Z) = diag[f,(z1) [u(z2) fulz3) [u(zo)], m=1-8 (31
in which

fiz) =0 fiz) = +iep) Ind;,  fi(z) =1 +iep)(;?,

faz) =G5 fi(z) =(U+iep)THH0, fo(z) = (1 +iep)(*,

f2(z) = A +iep)~", fi(z) =1 +iep){;~*, (32)

In order to express the right-sides of (30) in terms of real quantities, the arbitrary complex
constant vector is replaced by

qm = ATqma +BTth (33)

where q,,, and q,,, are real constant vectors. To determine the unknown constants q,,, and q,,,;,, we
employ (17), (30) and the identities (11) and (12). Substituting (27)—(29) and (31)—(33) into (14).,,
we obtain

q, = —dl;, Lq,,—S'q,, = aelliqy, = —anIl3, Lqs,—S"qq, = —anIly
(ST —eNT)qo, — (L+eN3)qy, = 2alm {(a,b, +kasb,)d}
0,.4,,+0,,q,, = —2Re {d,d}0,,q,,, +0,.q,,, = —21Im {d,d} (34)
where m = 3,5,6,7,8, and
0, = [+e(N,ST+N;H), O,, = N;S—N'L
0,, =N'—S”, 0,, = L+eN,
dy = aa,b, /2, ds = a(a,b,+kasb))/(k+1), dy = aasb,/2,
dy = kaash, [(k—1), dy = aa,b,/(1—k)

Equation (34) includes independent unknown vectors q,,, and q,,, (m = 1-8), so we need another
equation to ensure the solution to be unique. Noting the multivalued properties of logarithmic
functions, the equation can be obtained from the requirement that U is single-valued. Substituting
the expression of f5(z,) into (30),, the single-valued condition of displacement and electric potential
requires that
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(H—eN,)q,,+ (S—eN))q,, = 2alm {(a,b, +kasb,)c} (35)
Combining (34) and (35), we obtain

qi, = —all}, q,, =aL '(ell{ —S™TIY)
Qu. = —anlls, qq = —anL™' (T} +S"I13)
Q2. = 2a[(L+eN;) "' (S"—eN])+(S—eN,) "(H—eN,)] ' {(S—eN,) '

xIm [(a,b, +kasb,)e] + (L+eN3) ' Im[(a, b, +kasb,)d]}
Q2 = 2a[(S"—eN]) " '(L+eN;)+(H—eN,) '(S—eN)] '{(H—eN,) !

x Im [(a, b, +kasb,)e] — (S”—eN]) "' Im [(a, b, +kasb,)d]}
4 = 2(01' 01, —0;,'0,,) {0y} Im(d,,d) — Oy, Re(d,,d)}
Qe = 2(01,'01; — 03,/ 0,,) {03 Im(d,,d) — O, Re(d,,d)} (36)

The stress and electric displacement can be obtained by using (8),, (30), and (36). If t, is the
surface traction at a point along the hole boundary of which the normal is n, we have

t,= —¢,=¢,sin0—¢,cosl (37)

and then the normal stress o,,, the shear stresses ¢,,, 0,3, as well as the electric displacement D,
are, respectively, expressed as

O = nT(O)tna Opm = mT(O)tm 0,3 = (tn)39 Dn = (tn)4 (38)

4. Field intensity factors and energy release rate
4.1. Field intensity factors

As an application of the above solutions, we present here the field intensity factors and energy
release rate for cracks. A crack of length 2a may be formed by letting ¢ and # in (18) approach
zero. The solution of SED for the crack problem can then be obtained from (8), (13) and (30), by
letting ¢ = n = 0. Thus, the asymptotic form of SED, I1,, ahead of the crack tip along the x,-axis,
can be given by

1
IT, = H*iz (x| > a) (39)
Xi—a
where
I, = all3 +2 Re {BA"(q>, —2q3,) + BB"(q2, —2q5)}
With the usual definition, the field intensity factors are given by

K = lim /27n(x, —a)I1, = Il \/i (40)

x| —a
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where K = {Ky;, K}, Ky, K} 7, in which K, Ky;, Ky are the usual stress intensity factors, and K, is
the so-called ‘elastic displacement intensity factor’.

4.2. Energy release rate

The energy release rate can be obtained by considering the work done in closing the crack tip
over an infinitesimal distance Ax, which can be calculated by (Pak, 1990)

) 1 Ax -
G = A£11@02AxL IT5 (x)AU(x — Ax) dx 41)

where G denotes the energy release rate. Note that the integration variable x represents the distance
ahead of the crack tip. Using the solution obtained previously, the jumps of elastic displacements
and the electric potential (EDEP), AU, across the crack faces can be given by

AU = U(x,,0")=U(x,,07) = i(AB~' —AB~ ') /a® —x3T19

- - 4
+il(AAT — AA)qs, + (AB” ~ AB)qy] /P =]

—l—i(cbl—Eb_l)%./az—xl2 0<x, <a) 42)
By the substitution of (39) and (42) in (41), we have

G = %HT*{(E” —AB IS +4(AAT — AAT)qs, + 4(AB” — AB")q,, + (ch, —8h,)}  (43)

5. Numerical illustration

Since the main purpose of this paper is to present the basic formulations of the proposed method
and demonstrate its feasibility, the obtained results will be limited to an elliptic hole embedded in
a square piezoelectric plate subjected to a uniform heat flow /3 at the boundary x, = + L (see Fig.
2). Thus, the boundary conditions are as follows:

hzzhg, HZZO, Onx2: iL
hy =11, =0, onx, = %L (44)

In the analysis, we assume that ¢ = b/a = 0.5, L = 10a (see Fig. 2 for the geometrical meaning
of a, b and L). Since the value of L is much larger than that of a, the present problem can be
approximately viewed as an elliptic hole embedded in an infinite plate. For convenience we consider
a piezoelectric ceramic (BaTiO;) plate with an elliptic hole. The material constants of the plate are
as follows (Dunn, 1993):

C]] = 150 GPa, CIZ = 66 GPa, 622 = 146 GPa, C33 = 44 GPa,
ar; =8.53x107°/K, a5, =1.99x107°/K, 4, =0.133x10°> N/CK,
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Xz‘

VAN

Fig. 2. Element mesh used in the example.

Eo

Finite element method
—— present

1 ! 1

0 18 36 54 72 90

0
Fig. 3. Concentration parameter &, vs angle 0.

621 = _435 C/mz, 622 = 175 C/mz, 813 = 114 C/mz, Kll = 1115}(:0,
K22 = 1260K0, KO = 885)( 10712 Cz/NrIl2

Since the values of the coefficients of heat conduction for BaTiO; could not be found in the
literature, the value k,,/k;; = 1.5 and k;, = 0 are assumed. We will calculate the concentration
coefficients of SED, ¢, = ka,,/ay,,hS and &, = kD, ag,h3, along the hole boundary. However, the
numerical results for such a problem are not available in the literature, to our knowledge. For
comparison, the well-known finite element method is used to obtain the corresponding results.
Owing to symmetry of the problem only one quarter of the problem is modelled by the element
mesh shown in Fig. 2. Figures 3 and 4 show the results of £, and &, vs the angle 0 when e = 0.5,
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4

& D | == Finite element method
—— present

1 1 1

0 18 36 54 72 90

Fig. 4. Concentration parameter &, vs angle 0.

and comparison is made with those obtained from finite element method. As is evident in Figs 3
and 4, both £, and ¢, increase with the increase of angle 0, and reach their maximum values at
0 =90°.

6. Conclusions

The two-dimensional problem of a thermopiezoelectric sheet containing a hole of various shapes
is studied. A unified analytical solution for the hole problem is derived through use of the extended
Stroh formalism, conformal mapping and an ingenious selection of arbitrary function F(Z). The
solution is suitable for analysing a wide range of hole problems, in which the hole may be an
ellipse, a triangle, a square, a pentagon, and the like. As an application of the solution, the crack
open displacements, field intensity factors, and energy release rate are derived. The numerical
results obtained here are in good agreement with those obtained from the finite element method.
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